BRIDGELAND'S STABILITIES ON ABELIAN SURFACES 

SHINTAROU YANAGIDA, KOTA YOSHIOKA 

Abstract. In this paper, we shall study the structure of walls for Bridgeland's stability conditions on abelian 
surfaces. In particular, we shall study the structure of walls for the moduli spaces of rank 1 complexes on 
an abelian surface with the Picard number 1. 

"(N'. 

0. Introduction 

p^ . Let X be an abelian surface over a field i. Denote by Coh(X) the category of coherent sheaves on X, by 

D(X) the bounded derived category of Coh(X) and by K{X) the Grothendieck group of D(X). 
C^ , For /? G NS(X)q and an ample divisor w S Amp(X)Q, Bridgeland [3] constructed a stability condition 

o'/3,w = i'^{i3,ui),Z(i3^ui)) on D(X). Here 2l(^_^) is a tilting of Coh(X), and ^(/g.cj) : K{X) ^^ C is a group 
homomorphism called the stability function. In terms of the Mukai lattice {H*{X, Z)aig, (•, •)), Z(^p (^) is given 

^' by 



< 



o 

(N 

> 

X 



Zip,u.)iE) = {e/+^-'-,v{E)), E e K{X). 



Here v{E) := ch(ii^) is the Mukai vector of E. Hereafter for an object E G E)(X), we abbreviately write 
Z{l3,ij){E) '■= Zf^pi^-jdE]), where [E] is the class of E in K{X). For abelian surfaces, these kind of stability 
,S^ I conditions forms a connected component of the space of stability conditions up to the action of the universal 

C^ ; cover GL'^(2, R) of GL+(2, R) as stated in [3J sect. 15]. 

Let (I){i3,uj) ■ 2t(/3,tj) \ {0} — )■ (0, 1] be the phase function, which is defined by 

►-j^ for 7^ -E S ^{i3,uj)- Let M(^ ,^)(w) be the moduli space of cr(^^(^)-semi-stable objects E with v{E) = v. It 

tH- . is a projective scheme, if (/3,a;) is general ([HI Thm. 0.0.2]). The stability of objects depends only on a 

OO ' chamber of the parameter space NS(X)r x Amp(X)R. For a special chamber, the stability coincides with 

OO , Gieseker stability ([3], [H], [1], [7]). For the analysis of Gieseker stability, Fourier- Mukai transforms are very 

useful tool. However the Fourier-Mukai transform does not preserve Gieseker stability in general, since the 
CO . category of coherent sheaves is not preserved. On the other hand, the Fourier-Mukai transform induces an 

^^ ' isomorphism of the moduh spaces of Bridgeland stable objects as a consequence of [31 Prop. 10.3]. So it is 

very natural to study the moduli of Bridgeland stable objects and its dependence on the parameter even for 
the study of Gieseker stability. 

For abelian surfaces, the studies on the dependence of the parameters, i.e., those of wall and chamber 
structures, are started by two groups Maciocia and Meachan [5], and Minamide, Yanagida and Yoshioka [7], 
^ , [S]. In this paper, we continue our study on the wall and chamber structures. In particular, we shall study 

^.' the behavior of the structures under Fourier-Mukai transforms. We are mainly interested in the most simple 

case, that is, the case where NS(X) = ZH. In this case, the parameter space is the upper half plane, the 
action of Fourier-Mukai transforms can be described by an arithmetic subgroup of SL(2,K) and the action 
on the upper half plane is the natural one. So we can study the structure in detail. 

Let us explain the contents of this paper. We first define the wall and chamber by using the characterization 
of walls in [51 Prop. 4.2.2]. Then we present a few basic properties of walls and chambers. As we explained, 
by the paper of Bridgeland ([3l Prop. 10.3]), Fourier-Mukai transforms preserve the stability of objects, that 
is, it induces an isomorphism of the moduli spaces. We shall show that the taking dual functor Vx also 
preserves the stability of objects (Theorem 12. 5|) . These are done in sections [T] and [21 

In [14j , we introduced a useful notion semi-homogeneous presentations. It is a presentation of a coherent 
sheaf as the kernel or the cokernel of a homomorphism X^_i — > Vq of semi- homogeneous sheaves K,i,Vb 
with some numerical conditions. Extracting the numerical conditions from V-i and Vq, wc also introduced 
the notion num,erical solutions and constructed moduli spaces of simple complexes V-i —¥ Vq associated to 
numerical solutions. In [7], we found a relation between these moduli spaces and the wall crossing behavior 
for Bridgeland stability conditions. In this paper, we give a supplement of this relation. Thus we shall 
relate a particular wall called a codimension wall for every numerical solution. If (/3, w) belongs to a 
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codimcnsion wall, then for any neighborhood U of (/3,a;), there is no cr(^_(^)-semi-stable object which is 
cr(^/_(^/) -semi-stable for all (/3',aj') S U. 

In sectional we fix an ample divisor H and study special stability conditions (^{p+sH.tH) parametrized by 
the upper half plane {(s, t) | s, i e M, s > 0}. In the (s, t)-plane, the equations of walls are very simple. They 
define circles or lines forming a pencil of circles passing through imaginary points (Remark 14. 3|) . Thus they 
do not intersect each other. For a principally polarized abelian surface with Picard number 1, these kind of 
results are obtained by Maciocia and Meachan [S]. Thus our results are generalization of theirs. 

We also explain that there are one or two unbounded chambers which parametrize Gieseker semi-stable 
sheaves. In [T7], we showed that Gieseker's stability is preserved under the Fourier-Mukai transform, if the 
degree of the stable sheaf is sufficiently large. We shall explain the result as an application of this section 
(Proposition I4.24p . 

In section [SJ we assume that NS(X) = Zi7. We are mainly interested in a Mukai vector v which is a 
Fourier-Mukai transform of 1 — £gx ■ So we may assume that v — 1 — £gx ■ 

In [13], we described the algebraic part of the Mukai lattice H*{X, Z)aig as a lattice in the vector space of 
quadratic forms of two variables. Then we can describe the action of Fourier-Mukai transforms as a natural 
GL(2, M)-action. By using these results, we shall study the structure of walls. In particular, we shall classify 
codimension walls by using our description of Mukai lattice. We set n := {H'^)/2. If \fTfn S Q, then 
there is a unique wall of codimension 0, since there is one numerical solution. Assume that yt/n ^ Q. In 
this case, these are infinitely many numerical solutions, thus we have infinitely many codimension walls. 
Let Gn,i C GL(2,M) be the subgroup generated by the cohomological action of (covariant or contravariant) 
Fourier-Mukai transforms preserving ±w. Gn,i. acts on the set of walls. We show that there are finitely 
many G„.f-orbits of walls and the set of codimension walls forms an orbit of Gn,i- Each orbit has two 
accumulation points (±-\/£/n, 0) in the (s,i)-plane. An observant reader will see that the main part of 
section of [5] essentially appeared in |13| without using Bridgeland stability condition. 

In section [6l we shall study the structure of walls for u = 1 — Igx, £ < 4 on a principally polarized abelian 
surface X. As an application, we shall classify Mh{v) for a primitive Mukai vector with (w^)/2 < 4. 

In [5] and [TOl Thm. 3], Mukai announced that Mniv) '^ X x IIilb^"'^/^(X) for a primitive Mukai vector 
with (w^)/2 = 1, 2, 3. Moreover he determined the Fourier-Mukai transform which induces the isomorphism. 
By using the structure of walls, we give an explanation of Mukai's results for {v^)/2 = 2,3. It is quite 
surprising that Mukai discovered his results 30 years ago without using Bridgeland's stability conditions. 

In appendix, we continue to assume that X is an abelian surface with NS(X) = Zi7 and (iJ^)/2 = n. We 
shall identify the period space with the upper half plane. Then we show that the action of auto-equivalences 
is the action of the modular group Fq (n) . 

Finally we would like to mention related works which appeared during our preparation of this manuscript. 
We note that the examples of Bridgeland stability conditions in this paper are generalized to an arbitrary 
projective surfaces by Arcara and Bertram [1]. For these stability conditions, Maciocia |4] studied the 
structure of walls. In particular, he proved similar results to section |4] in a much more general context. For 
the stability conditions on principally polarized abelian surfaces, Meachan [6] studied the structure of walls 
in detail. In particular he independently found examples of walls with accumulation points. 

1. Preliminaries on Bridgeland's stability condition 
As in the introduction, let X be an abelian surface over a field J, and fix an ample divisor H on X . 

1.1. Notations for Mukai lattice. We set A^^ (X) = (B^^qAI^^ (X) to be the quotient of the cycle group 
of X by the algebraic equivalence. Then we have Al^^{X) = Z, A^^^iX) = NS(X) and Al^^{X) = Z. We 
denote the fundamental class of A^^^ (X) by qx, and express an element x G ^aig("'^) by a; = xq + xi + X2Qx 
with xo G Z, xi G NS(X) and X2 & Z. The lattice structure (•, •) of A*j (X) is given by 

(1-1) {x, y) := {xi,yi) ~ (xo2/2 + 2:22/0), 

where x = xq + xi + X2Qx and y = yo + yi + y2Qx- We shall call (A*] (X), (•, •)) the Mukai lattice for X. 
In the case of { = C, this lattice is sometimes denoted by iJ*(X, Z)aig in literature. In this paper, we shall 
use the symbol H*{X, Z)aig even when 5 is arbitrary. 

The Mukai vector v{E) e H*{X, Z)aig for E e Coh(X) is defined by 

v{E) ~ ch(£;) Vtd^ = c\i{E) =tVE + ci{E) + x{E)qx- 
We also use the vectorial notation 

v{E)^{r],E,c^{E),x{E)). 

For an object E of D(X), v{E) is defined by Efc(-1)''«(^''). where {E'') = ( > E-^ -^ E" ^ E^ ^ ■■■) 

is the bounded complex representing the object E. 



We take an ample Q-divisor H. For v e H*{X, Z)aig and /3 G NS(X)q, we set 

(1.2) rp{v):=-{v,Qx), a^(u) := -(v, e'='), d^,_y(w) := —^ . 

If the choice of H is clear, then we write dp{v) := rf^,H(w) for simplicity. By using (|1.2p . we have 

(1.3) V = rpivy^ + apiy)Qx + {dpM{v)H + Dp{v)) + [dpM'v)H + Dp[v),(3)Qx. Dp[v) e H^ n NS(X)q. 

A Mukai vector v — (r, ^, a) 7^ is positive, if (i) r > or (ii) r = and ^ is effective, or (iii) r = ^ = 
and a > 0. We denote a positive Mukai vector w by v > 0. A Mukai vector v is called isotropic if (w^) = 0. 

For /? G NS(X)q, we define the /3-twisted semi-stability replacing the usual Hilbert polynomial x{E{nH)) 
by x{E{-f3 + nH)). Then v is positive if and only if x(£'(-/3 + nH)) > for £■ e D(X) with u(i?) = v and 
n> 0. 

For a positive Mukai vector w, Mu^vy^ denotes the moduli stack of /3-twisted semi-stable sheaves E on X 

with v{E) = V. M fj{v) denotes the moduli scheme of S'-equivalence classes of /3-twisted semi-stable sheaves 
E 0X1 X with v{E) = v and M^{v) denotes the open subscheme consisting of /3-twisted stable sheaves. If 

/3 = 0, then we write Mh{v) := M fj{v). 

For a proper morphism / : Zi — > Z2, we denote the derived pull-back L/* and the derived direct image 
R/* by /* and /* respectively. 

For E e D(X X F), <i>x->y : D(A:) -> D(y) denotes the integral functor whose kernel is E: 

(1.4) <^I^y{E) = PY*{Px{E) ® E), £; e D(X), 

where px and py are projections from X xY to X and F respectively. If $x-^y i^ ^'^ equivalence, it is called 
a Fourier-Mukai transform. If a Fourier-Mukai transform $^_^y exists and AT is an abelian surface, then Y 
is also an abelian surface and ^^^y induces an isometry of Mukai lattices iJ*(X, Z)aig —J- -ff*(y,Z)aig. We 
also denote this isometry by <I'^_j.y. 

T^xi*) '■= RHomo^(*, Ox) denotes the taking dual functor. It is a contravariant functor from D(Ar) to 
D(A'). A contravariant Fourier-Mukai transform is a composite of a Fourier-Mukai functor and T>x- If X is 
an abelian surface, then it is of the form ^xJfY ° "^^^ = '^y ° *^5-i.y with E^ := Vxxy^E)- 

1.2. Stability conditions and wall/chamber structure. Let us recall the stability conditions given in 
[3] and §1]. Let 

Amp(X)R := {x e NS(X)r | (x^) > 0, {x,D) > 0}. 
be the ample cone of AT, where I? is an effective divisor. Wetake(/3,cj) £ NS(Ar)RX Amp(Ar)R and iJ £ R>ow. 
For E € K{X) with u = 'y(-E) expressed as (|1.3p . we have 

^(/^..)(i?)=(e^+^",Ki?)) 

= - a0(t;(£;)) + ■^r^(«(£;)) + d0,a(«(s))(i?, w)^::^. 

Assume that (/3,a;) € NS(X)q x Amp(X)Q. Let 2t(^ ^^j be the tilt of Coh(Ar) with respect to the torsion pair 
(2^(/3,c^),5^(/3,c^)) defined by 

(i) T(^ 1^) is generated by /3-twisted stable sheaves with Z(^ ,^)(i5^) e H U M<o. 
(ii) S^(/3.Lj) is generated by /3-twisted stable sheaves with —Z(^p^^-^{E) € H U ]R<o, 
where H := {z g C | Imz > 0} is the upper half plane. 2l(^^(^) is the abelian category in [3] and it depends 
only on j3 and the ray Q>ow. 

Then the pair 0(^p^^) = (2l(^_^), Z(^^^)) satisfies the requirement of stability conditions on Ti{X) [3]. In 
particular, the (semi-) stability of objects in "^{p^tj) with respect to Z(^,i^) is well-defined. 

Definition 1.1. For a non-zero Mukai vector v E iJ*(A', Z)aig, wc define Z^p ^•^{v) E C and 0(/3tj)(w) G 
(-1,1] by 

Zip,^){v) = (e^+^-,z;) = |Z(^,„)(^;)|e-^*('^-)(''). 
Then 

0(/3,<^)(w(^)) =<l}{p,u){E) 
for0^^e%,„)U%,„)[-l]. 

Definition 1.2. E € D(X) is called semi-stable of phase 0, if there is an integer n such that E[—n] is a 
semi-stable object of 2t(^^i^) with 4)(^pj^^(E[—n\) = <f> — n. If we want to emphasize the dependence on the 
stability condition, we say that E is a(^i3_^y semi-stable. 

Definition 1.3. For a Mukai vector v, ^A[p^u){v) denotes the moduli stack of cr(^ (^)-semi-stablc objects E of 
2l(/3,w) with v{E) — V. M(^ (^)(t)) denotes the moduli scheme of the S'-equivalence classes of cr(^^(^)-semi-stable 
objects E of 2l(^.^) with v{E) = u, if it exists. 
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Remark 1.4. If 2'(^ j^)(— w) e H U IR<o, then wc have 

(1-5) M(^.<.)(«) = {E[-l] I E e M(^,^)(-i,)}, 

since </>(/3,c^) (w) e (-1,0]. 

Remark 1.5. If we take the phase of v as 4iip^uj){v) € (1, 2], then 

(1.6) M(^.^)(z;) = {£;[1] I E e A.V.„)(-t;)}. 

More generally, if we take the phase of v as (f>{p^uj){v) € {n,n + 1], then we have 

(1-7) M(^,^)(«) = {£;[n] I E e A/(^,„)((-l)"«)}. 

Definition 1.6. Let vi ^ Qu be a Mukai vector with (wj) > 0, {{v — wi)^) > and {vi,v — vi) > 0. We 
define a wall for v by 

W., := {(/3,w) e NS(X)k X Amp(X)R | RZ(^,^)(«i) = ]RZ(^.^)(z;)}. 

A connected component of NS(X)r x Amp(A)K \ Uv^Wv^ is cahed a chamber for v. 

Replacing v by —v if necessary, we may assume that Z(^p^^-j{v) € EIUM<o. Assume that {13, uj) € W^^. By 
[H Prop. 4.2.2], there are cr(^_„)-semi-stable objects Ei and £'2 with t'(£'i) = vi and w(i?2) = w — wi. Then 
M>o-^(/3,ij)(£'i) = R>o-^(,g,w)(-£'2)- Thus there is a properly (T(^_tj)-semi-stable object with the Mukai vector 

V. 

Proposition 1.7 (jSj Prop. 9.3]). Let v be a Mukai vector with (u^) > 0. Let C be a chamber for v. Then 
M(l3.Lj){v) is independent of {/3,uj) € C. 

Proposition 1.8. Let ^ : iJ*(X, Z)aig — >■ i?*(y, Z)aig be an isometry of Mukai lattices. Let W^ be a wall for 
V defined by u. Then ^(u) defines a wall for ^{v). 

Proof. Wc set w :— v ^ u. Then u defines a wall for v if and only if (w^), {w'^) > and {u,w) > 0. This 
condition is preserved under ^. So the claim holds. D 

Let u be a primitive Mukai vector with rku > and assume that M^(v) consists of /3- twisted stable 
sheaves (in the sense of Gieseker). 

Lemma 1.9. Assume that {v"^) > and r := —{v,gx) 7^ 0. Let vi be a Mukai vector such that rci(wi) — 
rici{v) — 0, where we set ri :— —{vi,qx). Then MZ(^^^)(w) — MZ(^^^)(fi) if and only if dp{v) = 0. In 
particular, if vi defines a wall, then the defining equation of the wall Wy-^ for v is dp{v) — 0. 

Proof. We have rvi — riv ~ bgx, 7^ 6 G Z. Hence rZ(^p^^){vi) — riZ(^_(^)(w) = — 6 G M. Then we have 
Z{p,^){vi) = 7-.Z'(^^^)(u) - ^. Hence the condition is d^(w) =0. D 

2. FOURIER-MUKAI TRANSFORMS. 

2.1. Stability conditions and Fourier-Mukai transforms. We shall recall the (twisted) Fourier-Mukai 

transform of cr(^^) and its relation to Bridgeland's stability conditions explained in [8]. Let $ : D(A) ^■ 

D"i(Ari) be a twisted Fourier-Mukai transform such that ^{rie"^) = —gxi and ^{gx) = —rie^ , where ai is 

a representative of a suitable Brauer class. Then we can describe the cohomological Fourier-Mukai transform 

as 

$(re'^-f agx +i+{^,l)gx) = Qx^ - riae'^' + j^A^ + {^,i)gx^), 

n \ri\ 

where ^ e NS(X)q and C := f^ci($(^ + (^,7)?^)) e NS(Xi)q. 

Remark 2.1. By taking a locally free ai-twisted stable sheaf G with x(G', G) = 0, we have a notion of Mukai 
vector, thus, we have a map ([71 Rem. 1.2.10]): 

t'G:D"H^l)^^*(^l,Q)alg- 

We set 

^..^ 1 "^-^?-^"^^ cD-(/3-7,^)(^-7) 
\ri\ (((^z7)iM^)%(^_^^^)2 

^ ((^-^))-(") (/?-^)-(/3^^,^)S 
/3 :=7 - 



Iril |- ((/^-7n-(^-) ) +(/3-x^)^ 



By [51 sect. 5.1], we get the following conimutative diagram: 

(2.2) D(X) *-D"i(Xi) 



Zi, 



z, 



C- 



,,_,i «7-^);)-(^% ^(,_,,,) 



where 



Let E be a complex such that <f> = ^x-Xx ■ Then 

(2.3) (/^(^ ,3) ($(£)) = 0(^^^)(i?) - 0(/3,^)(E|xx{.a). 

Theorem 2.2. fc/. [BJ Thm. 2.2. 1]J Assume i/iai MZ(^_„)(w) = RZ(^ tj)(e'''). If rie^ does not define a wall, 
then $ induces an isomorphism 

where u := $(w). 

As an application of Theorem 12. 2[ we give a different proof of Proposition 11.71 

Proof For i? e Amp(X)Q, we take (5 G NS(X)q such that ((5,//) == 1. We set H{5) := {L e Amp(X)R | 
((5, i) = 1}. Then {iL g Amp(X)R | L e H{S), t E IR>o} is an open neighborhood of H. Assume 
that (/3o,wo) G C and luq e ]R>o_ff. We shall show that cr(^^„)-semi-stability is independent of {l3,io) in a 
neighborhood of (/3o,a;o)- 

We can take 7 e Ri? + /3o C NS(X)m such that MZ(^„,„,)(w) = RZ(^„,„,)(e'^), (7 - l3o,H) > and 
(r7 — ci{v),H) 7^ ([HI sect. 4.1]). Replacing ojq if necessary, we may assume that 7 S NS(Ar)Q. We take a 
neighborhood U of F(i5) and / C K>o such that wq S {tL | i S t/, t e 1} C C. For a fixed L e -ff (5)q, the 
semi-stability is independent of {(3,L) G C. 

Replacing U if necessary, we may assume that the following equation for t > has a solution for each 
L E U and a neighborhood F of /3o : 

^,(L^) _ {{e'>,eP)ic,{v)~r(3)~{v,e^)i^~/3),L) 
2 (r7-ci(w),L) 

We set u! := fi. w is a function onV xU and we have RZ(^^)(u) = RZ(^ (^)(e'''). For the proof of our claim, 
it is sufficient to show the independence of cr(/g^(^) -semi-stability, where {13, L) &VxU. 

We set Xi := Mnirie'*). For a universal family E on X x Xi as a twisted object, we consider the Fourier- 

E^ fll E^[ll 

Mukai transform ^x-^x ■ Then we have an isomorphism M. (p ^u]){''^) ~^ J^uii^y^ , where u := ^xXx i"^)- 
Since {ci{ue~^),L) = for aU {I3,L) e VxU,\iF e Mi{u)'"' contains asubsheaf i^i with (ci (Fi (-/?)), w) = 

pr-i 1 

and v{Fi) ^ Qu, then ^x Lfxi-^^) defines a wall for v. Therefore for any subsheaf Fi of F e Ai[:i{u)^^, 
(ci(Fi(-/3)),5) y^ for any (/3, L) € V" x [/ or we have ?;(i<i) e Qu. For F e 7W^j(u)"''\7Ws^(u)'*", there is a 
subsheaf Fi such that (ci(Fi(— /3)),a}2) > and (ci(Fi(— /3)),a}i) < 0. Since (ci(Fi(— /3)), w) is a continuous 
function on V x U, it is a contradiction. Therefore A^a(u)'"* is independent of {f3,L). Then we see that 
M(^l3_i^){v) is independent of (/3,w). D 

Definition 2.3. Let cr(^ (^) be a stability condition. For the contravariant Fourier- Mukai transform $oI?x, 
we set (/3',a;') := (— /3, w) and attach the stability condition a,g, ~,,^ associated to Z.-x, —,-.. We say a,g, —,■, 
the stability condition induced by $ o Vx ■ 

Lemma 2.4. <^(_0,„)(F^[1]) = -<^(0,„)(F) + 1. 

Proof. For a non-zero object F e D(X), we have 



(2.4) Z(_^,^)(F^[1]) = -(e-^+-^^,«(F^)) = -(6/5+"^, z;(F)) = |Z(^,.)(t;)|e^^^(i-^('^-)(^)). 

Hence (/)(_^,<,)(F^[1]) = -</)(^,^)(F) + 1 mod 2Z. Since 0(_^,^)((FM)^[1]) = (/.(_a,„)(F^[l]) - n, we shah 
show that </.(_^,^)(F^[l]) e [0, 1) for F € 2l(^,^). 

We note that ^{i3,uj) is generated by (i) 0-dimensional object F, (ii) F[l] where F is a locally free /i-semi- 
stable sheaf with di3{F) < 0, (iii) /i-semi-stable sheaf F with d 13(E) > and (iv) purely 1-dimensional sheaf 
F. 

(i) For a 0-dimensional sheaf T, r^[l] G 2l(_^.^)[-l]. Thus (/i(_^,^)(T^[l]) = 0. (ii) For a locally free 
^-semi-stable sheaf F with dp{F) < 0, (F[l])'^[l] = F"^ is a ^-semi-stable sheaf with d_;3((F[l])'^[l]) > 0. 



Hence 0(-0,c^)((F[l])^[l]) e [0, 1). (iii) Let £■ be a ^-semi-stable sheaf of rkS > and dp{E) > 0. Let E** 
be the reflexive hull of E and set T := E** / E. Then we have an exact triangle 

T^[l] ^ {E**Y[l] -^ £;^[1] ^ T^[2]. 

Since {E**y is a locally free ^-semi-stable sheaf with d-i3{{E**Y) = -dfs{E) < and T'^[2] is a 0- 
dimensional sheaf, i?^[l] S 2l(_^^). (iv) If £' is a purely 1-dimensional sheaf, then £'^[1] is a purely 
1-dimensional sheaf, which implies £^^[1] G ''^{-p,u:)- Therefore the claim holds. D 

2.2. Relations of moduli spaces under Fourier-Mukai transforms. We shall say that a pair (/3, w) is 
general with respect to v if (/3,a;) is not on any wall Wy-^ for v. 

Theorem 2.5. Let v be a Mukai vector with (u^) > 0. Assume that {/3,uj) is general with respect to v. 

(1) Any Fourier-Mukai transform 'I'x-i-X' preserves Bridgeland's stability condition. 

(2) Any contravariant Fourier-Mukai transform ^^^x' °'^x preserves Bridgeland's stability condition. 

The first claim is due to Bridgeland ([H Prop. 10.3]). For the proof of (2), it is sufficient to prove the 
following claim. 

Proposition 2.6. Let v be a Mukai vector with {v'^) > 0. Assume that {(3, to) is general with respect to v. 
If Z(^fj^^){v) £ H[UM<o, then we have an isomorphism 

E ^ E'^ll]. 

Proof. Let C be a chamber containing {/3,uj). We may assume that di3^^{v) > 0. Replacing (/3,w) e C if 
necessary, we can take 7 € NS(X)q such that M.Z(^fj^i^){e'') ~ MZ(^_(^)(i;). We take a primitive vector rie"^ 
such that djs^uiirie'^) > 0. We set Xi :— M(^ ,^)(rie'''). Let E be the universal object on X x Xi as a 

complex of twisted sheaves. We set w :~ ^x-ix (^)- ^Y Theorem 12. 2[ M~^{w) consists of /x-stable locally 
free sheaves and we have an isomorphism 

where w satisfies {ci{we~^),ui) = 0. By taking the dual, we have an isomorphism 

We note that F := E^[l] is a family of stable objects with v{F\xx{xi}) — ~rie~^ . For ^xXx ^'^ define 
(-/3, w) by ([2T|) . Thus we substitute (-7, -7', -/3) in ([2J|) instead of (7, 7', ^) for the definition of (~^, uj). 
Then we have {—I3,uj) = (— /3,il)). Since '^Z(_p^^\{—rie'^^) = RZ(„^_jj)(— w^), we have an isomorphism 

(2.5) <_!! : M(„^,.)(-z;^) ^ Mr"^(^v)_ 
By the Grothendieck-Serre duality, we have 

<-ll(^"[l]) = '^l^xSE^l^) = Dx, ° <i'f-ll(^)- 
Hence the claim holds. D 

Remark 2.7. By a similar argument, we can prove Theorem 12.51 fl): Let C be a chamber containing (/3,a;). 
We may assume that di3,i^{v) > 0. Replacing (/3,a;) S C if necessary, we can take 7 € NS(X)q such that 
MZ(^ (^)(e''') = RZ(^^)(u) and (/5, w) e C. We take a primitive vector rie'' such that d^,c^(rie''') > 0. For any 
Fourier-Mukai transform $ : D(X) — > D(y), let vq £ Q^{e^) be a primitive and positive Mukai vector. If 
ro := rkwo 7^ 0, then vq = rge'*', 7 G NS(y). We first assume that rg 7^ 0. We set 

(2.6) $(e'3+^'^") == ~{e'^+''^^'^,^-\gY))e/+''^^'^' . 

Then Xi = Aftj'(wo) and the universal object G on Xi x F satisfies ^x -^Y ^ ^ ° ^^-^^x^ n £ Z. Since 
IRZ(^^^)(e''') = RZ(^_^)(i;), we have M2'(^/^(^/)(wo) = M2'(^/.^/)($(w)). Then ^x"-¥Y induces an isomorphism 

Hence we have an isomorphism 

$:M(/3_^)(w)^M(^,^„,)($(w)). 

If ro = 0, then $ is induced by isomorphisms on underlying abelian surfaces and the action of Pic {X). 
Hence we also have an isomorphism A/(-^ (^)(u) -^ A/(-^(^)^^(;^)')($(v)). 

If (/3, w) belongs to a wall, then $ also preserves semi-stability. Indeed assume that E is 5-equivalent to 
(BiEi, where Ei are cr(^_(^)-stable objects with (t>{p^u){Ei) = <t>(p,u){E). Then $(-E'i) are cr(^/_tj/) -stable objects. 
By (|2.3p . (t>(pi.uj'){Ei) are the same. Therefore the claim holds. 



3. Numerical solutions and the walls. 

3.1. Semi-homogeneous presentations and numerical solutions. Let us recall the notion of semi- 
homogeneous presentations introduced in |14j . 

Definition 3.1. A semi-homogeneous presentation oi E E Coli(X) is an exact sequence 

0^E^Ei^E2^0 or ^ Ei ^ E2 ^ E ^ 0, 

where Ei (i = 1, 2) arc semi-homogeneous sheaves satisfying the following condition: if we write v(Ei) — iiVi 
with £i positive integers and Vi primitive Mukai vectors, then 

(^l-l)(£2-l)=0, {vl)={vl)=0, {VI,V2)=-1. 

We call the first sequence the kernel presentation and the second one the cokernel presentation. 

Since semi-homogeneous sheaves on abelian varieties are well-known objects, semi-homogeneous presen- 
tations give useful informations on E. Moreover the property of having a semi-homogeneous presentation is 
an open condition, and describes the birational structure of the moduli spaces Mh{v). The numerical data 
appeared in Definition 13. II are useful to find a semi-homogeneous presentation. So we introduce the following 
definition. 

Definition 3.2. For a Mukai vector v, the equation 

V = ±(^iWi -^2^2), 

^1,^2 G ^>o, ''^1,^2: positive primitive Mukai vectors, 

is called the numerical equation of v. 

A solution (ui, W2, ^1, ^2) of this equation satisfying 

(^l-l)(€2-l)=0, {vl)={vl)^0, {VI,V2)=-1, 

is called a numerical solution of v. 

Theorem 3.3 ([H Thm. 3.9]). Suppose NS{X) = ZH and let v be a Mukai vector with (u^) > 0. 

(i) If V has at least two numerical solutions, then a general member of Mh{v) has both kernel presen- 
tation and cokernel presentation. Each presentation is unique. 

(ii) Ifv has only one numerical solution, then a general member of Mh{v) has either kernel presentation 
or cokernel presentation. Such a presentation is unique. 

For each numerical solution (ui , V2 , ^1 , ^2) of u, we constructed moduli spaces of simple two-term complexes. 
These moduli spaces plays an important role to prove [HI Thm. 3.9]. We fix an ample divisor H on X. 

Theorem 3.4 ([14, Thm. 4.9]). Let v be a positive Mukai vector with (w^) > and (wi,'y2,^i,^2) be a 
numerical solution of v. 

(i) We have the fine moduli space 9Jl~(t'i, ?;2, ^1, ^2) of simple complexes V* such that H^(V*) = 

(i ^ -1,0;, H-\V') e MHihviY' and H°{V) G MHihviY'- 
(ii) We have the fine moduli space S[Jl+(wi, ^2,^1,^2) of simple complexes V such that V = [W^'^ — > 
W°], W~^ e MHie-iViY" and W^ e Xh(^2W2)'*". 

Remark 3.5. Since M.HihviY'^ {i = 1, 2) are independent of the choice of H, 9Jl='= (wi, U2, ^1, ^2) are indepen- 
dent of the choice of H . 

The relation of 9JT* (wi, 'y2, ^1, ^2) is described as follows: 

Proposition 3.6 ([Ml Prop. 4.11]). Fori — 1,2, we denote Yi :— Mnivi), and let Ei be a universal family 



such that w($^' y.(wj)) = (1,0,0) forj ^ i. For V E 97l+(ui, V2,^i, ^2), we set 






"^i^' ' -^ ^ ^Eodi ^ ^E,^fi 



Then 4* induces an isomorphism 

m+{vi,v2,ii,e2)^^m-ivi,v2,ii,i2). 
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3.2. Relation with the walls. The operation ^ is first introdueed in [T5] to construet birational map of 
moduli spaces, and it is reformulated as an isomorphism of SOT* (wi, V2, ^i, ^2) in |14[ . ^P plays a fundamental 
role in these papers. In [71 sect. 4], we explained its relation with Bridgeland's stability condition. In 
particular, we showed that dJl^{vi,V2,ii,i2) are moduli of stable objects if vi defines a wall. We shall 
slightly generalize this fact. Thus we show the following. 



Lemma 3.7. There is a stability condition (J{p.ui) = {^{p.ui), Z(^p,^)) such that 9H (vi,U2,^i,^2) o,re the 
moduli schemes of stable objects Mrpi^±\{zLv), where oj^ = t^uj, t" < 1 < i+, t+ — <^ <C 1. 

Proof. Replacing v by — v, we assume that v — ^2''^2 ^ ^i^'i- We set v — re'' — -qx and Vi = r^e'*'"''^' {i — 1, 2). 
Then r = ±(ri€i - r24), ri^i^i - r2i2i2 and ^ = ±(ri^i^ - ra^a^)- Since > (eT+«i, eT+«^) = 
_KJA2zsiU.^ there is an ample divisor H with (^1 — £,2,H) ^ 0. We may assume that {^i,H) < {^2,H). We 
take (3{x) := 7 + a-^i + (1 - a;)C2 with < a; < 1. Then 

n I e^^-' + (i-x)(t,i -i,2 + [i;i-t.2,P)Qx) + - —^ ^-^gx 



(^e'^(-) + (1 - x)(ei - 6 + (ei - 6,/3)to-) + ^— 



V2 =r2e^(^)+^(«=-^i) 



=r2 (e^^-) + x(6 - 6 + (6 " ^i,P)gx) + ^^^^^iy^^e^) 



If ri£i > r2^2, then {£,2,H) > {^i,H) implies that {^2,H) > {^i,H) > 0. Hence (i/3(x)(-wi) > and 
dp{x){v2) > 0. We have 

df3(x){-Vl)ai:){a:}iv2) " dp(x){v2)ai3{x){-Vl) ^ ,^ _ ,^^ ((6 -6)^) ^ q 

Hence there is a positive number t such that 2'(^(a;).j//)(— ui) e ]R>o^(/3(K),tff)(^2). Then (/3,aj) := {/3{x),tH) 
belongs to the wall defined by -ui. By [H Thm. 4.9] and [71 Prop. 4.1.5], m^{vi,V2,£ij2) = M(f}^^±-^{v). 
If ri^i < r2i'2, then we have (^i,_ff) < {£^2,H) < 0. Hence d/3(fi) > and dp{~V2) > 0. In this case, we 
also have 

dp(x){vi)rp(^x}{-V2) - dp(^^){-V2)rp(^^j{vi) 2 

Hence there is a positive number t such that Z(^i3(^x),tH}(,vi) S K>o^(/3(a:),t_H')(— ''^2). Then (/?, w) := (j3{x),tH) 
belongs to the wall defined by wi. By [H Thm. 4.9] and [3 Prop. 4.1.5], 97l±(wi, W2,^i,4) = A//(^_^±)(-w). 

D 

4. Stability conditions on a restricted parameter space. 

4.1. The structure of walls. In this section, we shall partially generalize the structure of walls in [5]. We 
note that 

{a(^,<^) I e e NS(X)r, uj e Amp(X)R} = |J {^(/j+.i/.ti/) | s G R, i G ]R>o}. 

(/3,ff)GNS(X)ExAmp(X)H 

In this section, we fix /3 G NS(X)r and an ample divisor H on X and study the wall for the space of special 
stability conditions: 

WiP+sH.tH) I s G M, t G M>o}. 

Definition 4.1. Let wi be a Mukai vector with {vf) > 0, ((w — ui)^) > and (ui,i' — vi) > 0. If 
(rkui,(i^(wi), a^(vi)) ^ Q(rkw,(i^(w),a;3(w)), we define a wall ioi v by 

W^„^;^ := {{s,t) G R2 I M%+,H,tH)(i^i) = M^(/^+sH,*H)(t')}. 

A connected component of M x M>o \ Ut,j W^_^^ is called a chamber for u. 

For the study of walls, we collect elementary facts on a family of circles. 

Lemma 4.2. We take p G M and q G IK>o- -For a G M, te< Ca : (x + a)^ + y^ = (a + p)'^ — q be the circle in 
{x,y)-plane. We also set Coo '■ x = p. Thus Coo is a line in {x,y)-plane. 

(1) CaHCa'^fb, ifa^a'. 

(2) Ca n Coo = /or a G K- 

Proof. (1) If Ca n Ca' 7^ 0; then the intersection satisfies x = p. Then (p + a)^ + y'^ ~ {a + p)^ — q, which 
implies that y^ — —q < 0. Therefore the claim holds. The proof of (2) is similar. D 



Remark 4.3. By the proof, we see that Ca (a G M) forms a pencil of conies passing through the imaginary 
points {{p, ±^— g)}. 

Lemma 4.4. Assume that Ca '■ {x + a)^ + y^ = (a + p)^ — g wii/i q > is non-em,pty. If a + p > 0, then 
[p — y^q, 0) is contained in Ca- If a + p < 0, then {p + ^/q, 0) is contained in Ca ■ 

Proof. Assume that a+p > 0. Then a+p > y/q. Then {a+p)^—q—{p—y/q+a)'^ = 2y/q{a+p— ^/q) > 0. Hence 
the claim holds. If a+p < 0, then a+p < —y/q. Hence (a + p)^ — q— {p+^/q + a)^ = ^2y^(a+p+y^) > 0. 
Therefore the claim holds. D 

We shall study the structure of walls. We first assume that r ^ and set 
v.^r + dH + D + bgx 

=re^ + {dpH + Dfi) + (rf^i7 + Dp, P)qx + apQx 

=ref'^'" + [dp - rs){H +{H,I3 + sH)qx) + Dp + {Dp,l3)gx + apQx 



Then 



We also set 



dliH^) {{v') {Dj)) ^ {dp rsf{H^) ((«2) _ (Z?2)) 
2r ' "'^ ^ 2r ' 



V2 ■.=r2e^ + {d2H + D2) + {d2H + D2,(i)Qx + a2Qx 

=r2e'^+^-« + (d2 - r2s){ii +{H,P + sH)gx) + D2 + {D2, /3)gx +a2gx- 

Proposition 4.5. Assume that r 7^ and {v"^) > 0. 

(1) Assume that rd2 — r2dp 7^ 0. Then IR-^(/3+sff,*ff ) (''^) = ^Z(p+sH,tH){''^2) holds for {s,t) G R^ if and 
only if 

2 , f^ a2r ~ apr2 \ _ ( dp a2r - apr2 \ {v ) - (Dp) 



^^■^^ ^^V {H^){rd2 - r2dp) J \r {H^){rd2 - r2dp) J {H^)r^ 

(2) Assume that rd2 — r2dp = and a2r — apr2 7^ 0. Then RZ(^p_^sH^tH)iv) ~ IR^(/3+s_H,t_ff)(w2) holds 
for (s, t) G M^ if and only if 

rs — dp = 0. 

Proof. (1) We first note that 

apd2 - a2dp = — {rd2 - dpr2) {a2r - apr2). 

Then 

(^2 - r2s)ap ~ {dp - rs)a2 

= - s'^——{rd2 - r2dp) + s{a2r - apr2) + (0,3^2 - a2dp) 



-s (rd2 - r2dp) + 577727(02?' - a/J?'2) + 77727 —{'rd2 - d/3?'2) (02?- - apr2) 



2 ^ " V- --P/ ' "(i/2)^— -P-^ ' (^2) y ,, 



^/3, 



r 



^""'^ ^ -M2 - .2d,) (s - .jr:°^'^l. V+ M^ - ^2rf.) ^ ^"'' " "^'^^ ^ ' 



2 [ ' ' ^''^V {H^){rd2 - r2dp) J ' " \{H^){rd2 ~ r2dp) 

2 a/3. , , s ^i , , .dp {a2r-apr2) 

-{rd2 - dpr2) - 2{rd2 - r2dp)- 



'{m)r^^ ^ '' ' ^ ' ^' r {m){rd2-r2dp), 
{H'^) J / , , .( {a2r~apr2) \ . ■ (dp (02.-0/3.2) 



{rd2 - r2dp) s - -— + {rd2 ~ .2^,3) 



2 [ ' '^' V {H^){rd2 - r2dp) J ' ^ ^^'\r {H^){rd2 - r2dp) 

{rd2-r2dp){H'^) ] ( {a2r - apr2) W f dp (02.-0/3^2) Y i""^) ~ i^^) 



{H^){rd2 - r2dp) J \r {H^){rd2 - r2dp) J r^{H^) 

Hence the claim holds. 

(2) If rd2 — r2dp = 0, then the claim follows from 

{d2 - r2s)ap - {dp - rs)a2 = -s^——{rd2 - .2^/3) + ^(02. - a,r2) + (0,^2 ~ a2dp). 



D 



By Lcniina l4.4[ wc get the following corollary. 



Corollary 4.6. (1) If ^ - (H'^){rd2-lldf,) > ^' ^^^^ (■^^ ^) = [^ ~ V "{H'^y^" ' ^ ) is contained in the 

circle (|4.ip . 



(2) If^- iH'^)\ZXld,) < 0' *^e" (s, i) = I ^ + y %)f/\ j »s coniazned zn the circle dH]). 
Remark 4.7. (1) If r(i2 ^ ''2'^^ < 0, then (s, i) is surrounded by the circle in Proposition 14.51 if and only 

if (f>{f3+sH,tH){v2) mod 2Z satisfies (j>(ii+sH,tH){v) + I > (f>{p+sH,tH){v2) > (f>{f3+sH,tH){v)- 

(2) Iird2—r2dp > 0. then (s. t) is surrounded by the circle in Proposition l4.5l if and only if </>(«+. w * w) (f9) 
mod 2Z satisfies (j)(i3+sH,tH){v) > (j){p+sH,tH){v2) > (l){p+sH,tH){v) - 1- 

We next treat the case where r = 0. 

Proposition 4.8. Assume thatr — and {v^) > 0. Ifrd2—r2dp ^ 0, thenM.Zi^i3_f.gH,tH){'^) = IR^(;3+sff,tff)(f^2) 
/loMs /or (s,t) G M^ i/ anrf only if 

^ ^ I dpiH^)) Wh^) r.J rl{H^) ' 

Proof. Wc note that d^ ^ 0. Hence r2 7^ 0. Then the claim follows from the following computation: 
{d2 - r2s)ap - [dp - rs)a2 
2iH'' 



2 

r2' 



-(rd2 - r2dp) + s{a2r - a,3r2) + {afid2 - flad^) 



r^dpjH^) / 2 _ 2a/3 2(a^d2_-a2d^\ 

r2(ia(ij2) J / a/3 \ / a/3 c?2 \ , (I'i) - (-Df) 



dp{H^)J \dp{H'^) r2j rl{m) j' 

n 



Corollary 4.9. // \ — ,-^2) '^ G Q, ^^6?^ i/iere are finitely many walls for v. 

Proof. For a fixed s, there are finitely many walls. If r = 0, then {s,t) = i d 1h'^) ' ^) ^^ ^^'^ center of (|4.2p . 
Hence eyery wall intersects with s — 3— rffrr- If r 7^ 0, then Corollary 14.61 implies that eyery wall intersects 

with s — -p- — \ ^rjjTypr- or s = ^ + \ (H^)r^'^ ■ Hence there are finitely many walls for v. D 

Lemma 4.10. For V2 = e"^ , the condition M.Z(^p^gfftjf-f{v) ~ ^Z(^p^sH.tH){v2) for {s,t) £ K^ is equiva- 
lent to the equation of the circle 

Cm : i^ + (. - A) (. - ^-^ (Ad, - ^a,)) = 

for rX ~ dp ^ and 

rs — dj3 ~ 

for rX — dfj ~ 0. In particular, the circle Cy^x passes the points (A, 0) and I , .^j'^^ . (Ad, — r^sra^), j . 
Proof. Wc note that 

V, =e/+^" ^e/ + XiH + {H, P)gx)+ ^^^^Qx 

^^0+sH+(X-s)H ^ ^p+sH ^ (^ _ ^,)(^ ^ (^^ ^)^^) + ^(A - s)\ 

Then we get 



2 - -'^^- 



C rr2\ 

(d2 - r2s)a/3 " {dp - rs)a2 =(A - s)ap - {dp - rs)——{X - s)^ 

(4.3) =(A-s)(S,-(A-s)(d,-rs)^) 

= {X-s)[{rX~dp)^-^s^[xdp^-^-ap 
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t^ + {s- X)(s- j—^ -j-^ ( Ad/3 - 7772T"'3 



Assume that r\^ dp ^ 0. Then the condition is given by the circle 

1 

(rA-d/j) V'"'' {H 

In particular, the circle passes the points (A, 0) and ( ir\-d ) i^'^P ^ T§T)0'fi),{) 
Assume that r\~ dp = 0. Then by (|4.3p . we get 

Q={\-s)(\dp^^-afi 



liap = Xdp^ ^rX'^^,thenweseethatv^re^^+^" + {Dp + {Dp,p + XH))gx. Hence (v^) ^ {Dj) < 0, 
which is a contradiction. Therefore we get 



A= ^. 



n 



Remark 4.11. Assume that r ^ 0. Then 



rA - d,3 V (H 




In particular, if W ,^i;s / ^ Q, then Ci,_a is a circle. 

Corollary 4.12. Assume that v = re^ + a^gx + dp{H + (iJ, (3)gx)- For a numerical solution 

we have C«,Ai = C!v,\2 and the equation is given by 

(4.4) t^ + {s-X,){s-X2)=0. 

Proof. Since v = ±(^irie'^+-^i - £2»'2e'^+-^"), we have C„,Ai = Cy^x^. Since (A,,0) G C„,a, for i = 1,2 and 
Ai 7^ A2, we get the claim. D 

4.2. Relation of stability conditions. All walls except rs = dp are disjoint to the line rs = dp. By 
CoroUarv 14.61 there are at most two unbounded chambers. 

Proposition 4.13. Let v be a positive and primitive Mukai vector such that (u^) > 0. Assume that (s, t) G M^ 
belongs to an unbounded chamber. Then 

^M^{v) dp+,H{v)>0, 
A//K) dp+,Hiv)<0. 



M(p+sH^tH){v) = s ..-p,y. 



Proof. lidp+,H{v) > 0, then rk« > 0. By H Cor. 2.2.9], we get M^p+,H^tH){v) = M^jiv). lidp{v) < 0, then 
d/3+aH{—v) > and rk(— i;) < 0. If rk(— w) = 0, then dp{—v) = and (u^) < 0, which is a contradiction. Thus 
we have rk(— w) < 0. Then [7j Cor. 2.2.9] implies that we have an isomorphism 7\f^'^(z;^) — >■ M(^p^gH,tH)iv) 
viaF^F'^. ' D 

Lemma 4.14. Let Cq and Ci be two chambers .such that Cq is .surrounded by Ci. We take (s,to) G Co and 
(s,ii) £ Ci. Let tx := (1 — x)to + xti (0 < x < 1) be a segment connecting io and ti. If E is <J(p+sH.tiH)- 
semi-stable for i = 0, 1, then E is aip^g[ji^fj\ -semi- stable for all x. 

Proof. Assume that E is not CTj^^^^j^/^i-semi-stable for some x g (0,1). Then there is a subobject Ei 
of E in ^(p+sHx^H) such that (t)(p+sH,t^H){Ei) > (t>(p+sHx^H){E). Since E is cr(^+s_ff,t.ff) -semi-stable for 
1 = 0,1, 4'{p+sH.tiH){Ei) < 4i(p+sH.tiH){F)- Then there are two numbers a;i,a;2 such that < xi,a;2 < 1 
and 4){p+sH,t^.H){Fi) — 4>{p+sH,t^.H){E). Since tx^ is uniquely determined by ^(-^2), this does not occur. 
Therefore E is cr/^+s/fj^//) -semi-stable for all x. D 

Definition 4.15. Let VF be a wall for v in (s,t)-plane. Let (/3,a;) be a point of W and {f3',uj') be a point 
in an adjacent chamber. Then we define the codimension of the wall W by 






(4.5) codimVr := min <^ ^{v,,Vj) - 2^(dim7W^(w,)"'* - (<)) + 1 

where v = X^i^i ^-^e decompositions of w such that 0(^,i^)(u) ~ 4'(p,uj){vi) and <l}[p' .i^')(vi) > 0(/3'.cj')(wj), 
i <j. 

By using |TJ Lem. 4.2.4, Rem. 4.2.3], we get the following result. 



Lemma 4.16. IfW is a codimension wall, then W is defined by vi such that 

(4.6) v = nvi+V2, (wi, W2) = 1, {vf) = {vj) = 0. 

li vi,V2 in (|4.6p satisfy wi > 0, W2 < or wi < and V2 > 0, then {vi,—V2,n,l) or {—vi,V2,n,l) gives 
a numerical solution of v. Conversely for a numerical solution (wi, W2,^i,^2), Lemma 13.71 implies that for a 
suitable /3 and uj = tH, vi defines a codimension wall. 

Proposition 4.17. Assume that NS(X) = ZH . We fix /3. Then there is a bijective correspondence between 
a codimension wall and a numerical solution. 

Proof. Assume that NS(X) = ZH. For a numerical solution (wi,f2,^i,^2), /3, ci(t;), ci(fi), Ci(f2) S QH 
implies that C^.Ai iii Corollary 14.121 gives a wall in the (s,t)-plane. Combining Lemma I4.16[ we get the 
claim. D 

Proposition 4.18 (cf. [7l Prop. 4.2.5]). If {pi^uji) and (/32,^2) are not separated by any codimension wall, 
then M(^a^^^^\(v) n Mtij^j^^\{v) 7^0. In particular, Mtp^i^^\{v) and Mip^^^^\(v) are birationally equivalent. 

4.3. Semi- homogeneous presentation and the stability. For a semi-homogeneous presentation, Lemma 
13.71 implies that we can relate a fT(^^„)-semi-stability. We shall study Gieseker semi-stability of coherent 
sheaves with two semi- homogeneous presentations. 

Lemma 4.19. Let v be a primitive Mukai vector with r := rk?j > 0. Assume that Ai^{vy consists of 13- 
stable sheaves. If a simple sheaf E with v{E) ~ v has two semi-homogeneous presentations and d^{v)~rs ~ 
is not a codimension wall, then E is a ^-stable vector bundle. 

Proof. Since rs — dp{v) = is not a codimension wall, two semi-homogeneous presentations define two 
circles Ci and C2 which are separated by the line rs — dp{v) = 0. 

There is a Fourier-Mukai transform $ := ^^^x ^^^"^ ^ complex F such that E = ^{F) and F is semi- 
stable with respect to two chambers Cq, Ci such that Cq is surrounded by Ci and Ci are adjacent to Ci. Let 
C be an unbounded chamber between $(Ci) and ^{€2). Then F is semi-stable with respect to ^~^{C) by 
Lemma [4. 141 Hence E is semi-stable with respect to all unbounded chambers. 

We take an element lo € Amp(X)Q. Then E is cr(^+s/f_(^)-semi-stable if 1 ^ dfi{f^) ~ rs > 0. Hence E is 
/3-twisted semi-stable. Since E is also cr(^_|_sjj,^)-semi-stable if 1 ^ —{df}{v) — rs) > 0, i?^ is (— /3)-twisted 
semi-stable. Hence E is locally free. Let Ei be a locally free subsheaf of E. Then there is a generically 
surjective homomorphism E'^ — > E'^ . Since 

ikEi vkE]^ ' 

^^^'' — ^^^ implies "^ rkg ~ rkE • Thus E is properly /3- twisted semi-stable, which is a contra- 
diction. Therefore E is /i-stable. D 

Lemma 4.20. Let v be a primitive Mukai vector with r := rku > 0. Assume that dfi{v) — rs = defines a 
wall. 

(1) d^{v)~rs ^ is a codimension wall if and only if (a) v ~ re^ — agx, £, G NS(A'),a G Z, (r— l)(a — 

1) = or (b) V ^ vi -\-£v2, v^ = r^e", ri,r2 > 0, {{r2^i - ^-i^)^) = -?'i?'2, (^'2^1 - 7'i6,^) = 0. 

(2) Assume that v satisfies (a). We take (s,i) such that 1 3> dp{v) — rs > and let E be a o'(p+sH,tH)- 
semi-stable object with v(E) — v. Then r = 1 and E ~ Iz{Ct or a = 1 and E = ker(0[^j^OA'(^i) -^ 

(3) If NS{X) = TjH , then (b) does not occur. 

Proof. (1), (3) By Lemma [4.161 we have v ~ vi + £v2, (vf) ~ and {vi, V2) = 1, where i = (w^)/2. Assume 

that rkui rkw2 7^ 0. Then we can set Vi := r^e" ((''2^1 ~ ''1^2)^) ~ -~fi'>'2- Since the wall is dp ^ rs ^ 0, we 
have (r2^i — ri^2, H) = 0. By the Hodge index theorem, rir2 > 0. Thus ri, r2 > 0. If rkwi =0 or rk V2 = 0, 
then r2(i^(wi) — ridp{v2) = and (wi,W2) = 1 implies that {wi,U2} = {(0,0, 1), (—1,0, 0)}. Therefore (1) 
holds. If NS(A:) = ZH and (rsCi - ri^2,H) = 0, then we have ra^ - ri^2 = 0. Hence rirz = 0. Thus (b) 
does not occur. 

(2) By the choice of (s,t), (T(^+s/f_t/f)-semi-stability implies /^-twisted semi-stability. Thus for E e 
Mipj^^gfjifj\[v), we have a semi- homogeneous presentation 

Q^ E^ Eq^ Ei^Q, 

where {v{Eo),v{Ei)) = (e^^igx) or {v{Eo),v{Ei)) = (^e«, gx) with (u^) = 2£. Hence the claim holds. D 

Proposition 4.21. Let X be an abelian surface with NS(A") = ZH . Let E be a simple sheaf on X. If E 
has two semi-homogeneous presentations, then E is Gieseker semi-stable. 



Proof. If dfj{v) — rs = is a codimcnsion wall, then Lemma 14.201 implies the claim.. If dp{v) — ?'s = is 
not a codim.ension wall, then the claim follows from Lemm^a 14.191 D 

4.4. Relation with the Fourier-Mukai transforms. We shall study the Fourier-Mukai transform on 
our space of stability conditions. Let rie'^ be a primitive and isotropic Mukai vector. We set Xi := 
M(^p^giftif-j{rie^). Let E be the universal object on X x Xi as a complex of twisted sheaves. Assume that 

7 = /3 + XH, A e Q. We consider the Fourier-Mukai transform $ := <^x^_^x^ : D(X) -> D"i(Xi). We set 

{lf+7H,tH) = {i + s'H,t'H). Then 

, 1 2(A-s) 



(47) \ri\{{\-sY + t^){H^y 

*'"N((A-s)2 + f2)(i/2)- 

Since {{s - A)2 + e){s'^ + i'") = (y^)" , the image of (s - A)^ +e = j^:^^ is s'' + f' = p^|^. 

If \r 7^ d^, then Lemma [4.101 implies that the condition ]R^(;3+s//,t//) (w) = R^(^+,sH.tH)(e'^^'^^) defines a 
circle 

We have 

a,-dp\i^ 2 (Ar-dff)^(g^)~((^,^)~(i^g)) ^ 2a, _ 2(e^+^^,^} 

^■^ Ar-rf/3 (ii"') r(iJ2)(Ar - d^) -d^{H^) d^{H^) ' 

Thus Ct,,Ais 

/ / \ \ 2 

+2 



•s- A+^^^ +f^ = 



Lemma 4.22. The image of 

(4.10) i^<(A-s) 

&2/ $ is 



d^{m)JJ \d-yiH^) 

a^ — dpX^Y^ 2 



Ar - d^ (i/2) 



|(s',t')|-^s'>l|. 
Proof By gS]) and dUT]), (s,t) satisfies (jlTOl if and only if 

(4.11) ^^ ' 



{is-Xr+t')(l + s'\r,\^y 



Hence the claim holds. D 

By Lemma [4. 22) we have the following. 
Proposition 4.23. Let C^ be the adjacent chamber of C^.x such that C~ is surrounded by C'^ . 

(1) If ^ < 0, then $(C+) (resp. $(C^)j is the unbounded chamber satisfying s' < — . 7 (resp. 

(2) If -j'- > 0, then $(C^) (resp. $(C+)j is the unbounded chamber satisfying s' < — i 7 (resp. 

^ \ri\a-,^- 

We set w := ^x-^x i''^)- Proposition 14. 131 implies M°'\ ^~ ,~Aw) is isomorphic to the moduli space of 
semi-stable sheaves. Then Theorem 12.51 implies a generalization of [SJ Thm. 3.3.3] for abelian surfaces. 
For the preservation of Gieseker's semi-stability, we also have the following, which is a generalization of 

m- 

Proposition 4.24. Let v be a positive Mukai vector and assume that there are walls for v. Let W™^^ be 
the wall in the region rs < dp such that W'^^'^^ surround all walls in rs < dp, that is, the boundaries of the 
unbounded chamber is rs = dp and W"^^^. We set 

VP^'^^'^n {(s,0) I s G M} = {(Ai,0),(A2,0)}, Ai < A2. 
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Let <f> : D(X) — > D(Xi) be the Fourier-Mukai transform as above. If X < Xi or X2 < X < -f, then $ or 
^oVx preserves the Gieseker's semi-stability. 

In particular, if A is sufficiently small, wc can apply this proposition, which is nothing but the main result 
of [17]. 

Remark 4.25. Assume that r := rkv > 0. We set 

D := min{((rkw)ci(z;) - {rkv)ci{w), H) >0\w e H*{X,Z)^ig} 

and assume that 

D = min{(C, H)>0\C e NS{X)}. 
We take wq e ff*(X, Z)aig such that 

{{i-kwo)dp{v) - {rkv)di^{woj){H^) = {{rkwo)ci{v) - {rkv)ci{wo),H) = D. 

Replacing wq by wq + kv (fc G Z), we may assume that rkw > rkwo > 0. Then there is no wall for 
dp{wo)/ rkwo < s < dp{v)/ rkv. 

5. The chamber structure for an abelian surface X with NS(X) = ZH. 

From now on, we assume that NS(X) = ZH. Let w be a primitive Mukai vector with a numerical solution. 
We shall study the walls and chambers for v. By our assumption, there is an isometry of Mukai lattice sending 
t" to 1 — igx- So we may assume that u = 1 — £gx- Since a generic classification of stable objects (it induces 
the birational classification) is most fundamental, we are mainly interested in codimension walls. 

5.1. Cohomological Fourier-Mukai transforms. Let Hx be the ample generator of NS(X). We shall 
describe the action of Fourier-Mukai transforms on the cohomology lattices in [14] . 

Two smooth projective varieties Yi and Y2 are said to be Fourier-Mukai partners if there is an equivalence 
D(Yi) ~ D(>2). We denote by FM(X) the set of Fourier-Mukai partners of X. The set of equivalences 
between D(X) and D(y) is denoted by Eq(D(X), D(r)). For Y, Z <E FM(X), we set 

Eqo(D(y),D(Z)) := {^Y^^l G Eq(D(y), D(Z)) | E e Coh(y xZ),ke Z}, 

f(Z):= U Eq„(D(r),D(Z)), £:= [j £{Z) = [} Eqo(D(y), D(Z)). 

YeFM(Z) Ze¥M{X) Y,Z<£FM(X) 

Note that £ is a groupoid with respect to the composition of the equivalences. For Y E FM(X), we have 
{H^) = {H\). We set n := {H\)/2. 

In [131 sect. 6.4], we constructed an isomorphism of lattices 



ix : (i?*(X,Z)aig,(-,-))^^(Sym2(Z,n),S), [r.dHx.a]^ 

where Sym2(Z, n) is given by 

/ X yy/n 



f r d^/n 
\d^/n a 



Sym2(Z,n):=., ^ ^ 



x,y,zeZ 



and the bilinear form B on Sym2(Z,n) is given by 

B{Xi,X2) := 2nyiy2 - (xiZ2 + Z1X2) 

for X, = (^^^^^ y^^'^ e Sym2(Z, n) {^ = 1, 2). 

Each $x-i.F gives an isometry 
(5.1) LY o $f^y o t^i G 0(Sym2(Z,n)), 

where 0(Sym2(Z,n)) is the isometry group of the lattice (Sym2(Z,7i), i?). Thus we have a map 

77:£^0(Sym2(Z,n)) 
which preserves the structures of multiplications. 
Definition 5.1. We set 

\ a, fo, c, d, r, s e Z, r, s > I 
^c^/s d^/rj rs = n, adr — 5cs = ±1 J ' 

G:=GnSL(2,M). 



^ J /oi/F b^/s 



We have a right action • of G on the lattice (Syni2(Z, n),B): 

Thus we have an anti-homomorphisni: 

a:G/{±l}^0(Sym2(n,Z)). 

Theorem 5.2 ([H Thm. 6.16, Prop. 6.19]). Let $ e Eqo(D(y),D(X)) be an equivalence. 

(1) vi := w($(C'y)) and U2 := $(£'y) are positive isotropic Mukai vectors with (vi,W2) = —1 a?^rf we 
can write 

vi = {plri,piqiHY,qfr2), V2 = {plr2,P2q2HY,qlri), 

(5.3) Pi,qi,P2,q2,ri,r2 el^, Pi,ri,r2>0, 

rir2 = n, piq2ri - P2'?i»'2 = 1- 

(2) We set 

(5.4) 0($):=±('^i^ 'i'^]eG/{±l}. 

T/ien 6'($) is uniquely determined by $ and we have a map 

(5.5) 9:£^G/{±1}. 

(3) T/ie action of 9{^) on Syni2(ri, Z) is t/ie action of ^ on Sym2(n,Z); 

(5.6) ix°'^{v) = LY{v)-ei'^). 
Thus we have the following commutative diagram: 

(5.7) £ . 



G/{±l}^^0(Sym2(n,Z)) 

From now on, we identify the Mukai lattice iJ*(X, Z)aig with Syni2(ri, Z) via lx- Then for g e G and 
V e H*{X,Z)^ig, V ■ g means Lxiv ■ g) = ix{v) ■ g. 

We also need to treat the composition of a Fourier-Mukai transform and the dualizing functor Vx ■ For 
a Fourier-Mukai transform <&x^y ^ Eq(D(X), D(y)), we set 

9{'^l^yVx) := (^J ^^ 0{^I^y) e G/{±1}. 

Then the action of 0{^^^y'^x) on Sym2(Z, n) is the same as the action of $x->y^^- 

Lemma 5.3 ([H Lemma 6.18]). //0($|^y) = (" ^V then 



5.2. The arithmetic group G and numerical solutions for the ideal sheaf. Let i. G Z>o. We assume 
that y/Jn ^ Z. Our next task is to describe the numerical solution of the ideal sheaf of 0-dimensional 
subscheme. First we introduce an arithmetic group Sn,i- 

Definition 5.4. For {x,y) e R^, set 

^y ix 



P(x,y) :■ 

\x y 



We also set 



y £x 
X y 



X = a\/r, y = b^/s, a, b,r, s E Z ] 
r, s > 0, rs = n, y — £x = ±1 J 



Lemma 5.5. (1) Sn.e 'is a commutative subgroup o/GL(2,R). 

(2) We have a homomorphism 

0: Sn,i -^ K^ 

P{x,y) i-^ y + x^fi. 
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(3) For £ > I, (j) is injective. For £ — 1, we have 

''0 1 



Kcr.-. '1 
(4) We set a subgroup Gn,i of G (Definition \5.1]) to he 
Gnx := i .9 e G 
Then 



t , 1 \ ^ \ 



Gn,l. = Sn,e ^ ( ( n _l 

Proof. The proofs of (1) and (2) are straightforward. 

For (3), assume that x,y € R with x^ , y'^ , xy / ^/n G Q satisfy y + x^/I ~ 1. Then {y^ + £x^) + 
2[xy I \/n)\f£Jn = (y + x\/£Y = 1- Our assumptions yields y^ + £x^ = 1 and xy = Q. If x = 0, then 
j/ = ±l. Ify = 0, then £ = \ and .t = 1. Hence the conclusion holds. 

(4) follows from direct computations. D 

Then the Dirichlet unit theorem yields the following corollary. 

Corollary 5.6. If £>l, then Sn,i = Z ® Z/2Z. 

Proof. Let pi , . . . , p,„ be the prime divisors of £n and be the ring of algebraic integers in Q(y^, . . . , ^JPm ) • 
By Dirichlet unit theorem o'^ is a finitely generated abelian group whose torsion subgroup is {±1}. Hence 
(j){Sn,e) is a finitely generated abelian group whose torsion subgroup is {±1}. For A G Sn.e^ we have 
0(^2) e Z[VM. Since Z[v^]>< = Z Z/2Z, we get S„,i = 1® Z/2Z. D 

Remark 5.7. If n = 1 and £ > 1, then S'l^f is the group of units of 1\\R\. Moreover if £ is square free 
and ^ = 2,3 (mod 4), then since I^sfl] is the ring of the integers of Q[v^], a generator of Sij becomes a 
fundamental unit. 

Lemma 5.8. For two positive isotropic Mukai vectors wo,wi on the fixed abelian surface X, the condition 

{l,0,^£)^±i£wo-wi), {wo,wi)^-l 

is equivalent to 

wo - ip',~^H,q'), w^ = {q^,-^H,£V), Pij>,q) e 5^. 

Proof. If there are isotropic Mukai vectors with the first condition, then we can write them as wq = 



(r, dH, {r£ ± 1)) and wi = {r£ T 1, d£H, r£'^), where d'^{H^) = 2r{r£ T 1). We set p := s/¥ and q ;= Vilr^. 
Then Wo = {p^,~^H,q^), wi = {q'^,-^H,£^p^) and £p^ - q^ = ±1. Thus P{p,q) G S'„ ^ The converse 
is obvious. D 

Corollary 5.9. Recall the action ■ o/GL(2,M) given in (J5.2I) . By the correspondence 
Gn,e 3 .9 H' (wo,wi), Wo := (0,0,1) ■ g, wi := (1,0,0) ■ g, 



we have a bijective correspondence: 



Gn,e/(±(l M\=5„,,/{±1} ^^ Uwo,Wi) 



{wo,wi) = -1, (wq) = (wj) = 0, 
Wo, wi > 0, (1, 0, -(.) = ±{£wq - wi) 



Definition 5.10. Assume that £ > 1. Let 



be the generator of Sn.e/{±1}. We set e :~ q"^ — £p'^ G {±1}. For m G Z, we set 

q £p\"' ^ /brn £ar, 
P qj \am bjn 

By the definition we have 

(ao, 60) = (0, 1), (a_TO, 6_m) = e™(-a™, &„J, m G Z>o 
and 

, 771 G ii 

1 byn j 
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(5.8) ^„.^ = ^ ^ . a 



Next we consider the right action of GL(2,]R) on M^ 

(5.9) (x, y) ^ {x, y)X, X e GL(2, R). 

Then the quadratic map 

R2 ^ Sym2(R) 

{x,y) ^ P j (a; y) 

is GL(2, IR)-cquivariant. Using this action, we have the next descriptions of the topological invariants of fine 
moduli spaces Mh{v) of dimension 2. 

i-ei/*(X,Z)aig, (i;2) = 0, z; > 0, 1 

{w,v) ^ -l,3w ^ H*{X,ZUA 



(5.10) 



,"^1, 



,V2 ^ 






a,b £ Z, r,s £ Z>o, 1 

,, ,, ^ /{±l} = {(0,l)X|XeG}/{±l} 

rs = n, gcd(ar, Os) = 1 



:U{oo} 



where we used the correspondences 



rs — n, gcd(ar, bs) ~ 1 

■P2 A^(w) _ &v^ 



2y/n ar 

Here we used the slope for the Mukai vector defined by fi{v) := {H,ci{v))/ rkv. These correspondences 
are G-equivariant under the action (|5.9p . Lemma I5.8[ (|57 
correspondence : 

There is a numerical solution 

(t'l,«2,^l,^2)of(l,0,-^) 
{"1,^2} 



{l'l,'y2} 



and (|5.10p imply the following one to one 



\ 2^/E ' 2^Ar J 



where {i,J,) = (€, 1) if and only if (^, ^) = (^, ^ 



Definition 5.11. For m e Z, we set 



(5.11) 



=_ff 






5.3. Codimension walls and the action of G„ £. 

Definition 5.12. Go is the wall associated to the numerical solution (1, gx, 1,^). For m 7^ 0, let Cm be the 
wall associated to the numerical solution (urmu'^ni, 1). 



Proposition 5.13. 



(1) Go is the t-axis and Cm I'm 7^ 0) is the circle defined by 



1 &„ 



1 ia„ 



t^ =0. 



'na,nj V \/n b„ 
(2) {Gm I TTi e Z} Js t/ie set 0/ codimension walls. 

Definition 5.14. (1) For G,„ (to g Z), we define adjacent chambers G^ as follows: 

• G,^ is surrounded by G+ for to < 0. 

• Go" c {(s,i) I s < 0} and G+ c {(s,i) | s > 0}. 

• G+ is surrounded by G~ for m > 0. 

(2) Let M(j±{v) be the moduli of stable objects Mt^gH.tH){v) for (s,i) € G^. 

Then we have 

'ot±(u™,u;„,^,i), ^<^ 

M±«,u™,l,£), ^>^ 
for 771 < and 

'ott(u„,<„,£,1)[-1], f^<^ 

OTT(u:„,u™,i,^)[-i], !^>tf 

for r7i > 0. In particular, we have 

(5.12) M^^ {v) = OT+(1, Qx, 1, ^)[-l] = Mff (1, 0, -£). 
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Wc note that "9 in Proposition 13.61 satisfies vj/ ^ = ij/. By Proposition 13.61 we have the following isomor- 
phisms. 

*„ : A'fp±(w)->A'fpT(w). 

Let ^^"^^x ^'^ ^ Fourier-Mukai transform such that $5'"_j.jj-(gjfi) = Um and '&x'"-i.x(l) ~ "mi where 
Xi = Mnium)- Then we have 



bm ^flm \ _ A \ 2 (qip 



Thus we get 



(5.14) 0(*™) 

We also have 



q ep\ (I Q\(q V 
p q lO -i; U g 



(5.15) 



„ \ m+fc / „ \ m+fc / „ \ — m / n \ / 

q lp\ at J \ ^ I ^ '^P\ I q ^P\ (1 ^W? 



p qj \p q J \p q J v' ^^j \p 



m—k 



1 0\ q V 
,0 -ij {p q 

Hence {^rn{um+k),'^{u'^i+k)) ^ ium-k,u'^^^). Thus we get the following proposition. 

Proposition 5.15. $„i(C,„+fc) ~ Cm-k and ^rn(C',„j , j.) = C'^^,. /n particular, 'i„i induces 
phism 

Remark 5.16. 

Hence Af//(u2m) ^ X. 



an isomor- 



M^± {v) ->■ M^T (w). 



Proposition 5.17. (1) There are finitely many walls between Cq and C_i. 

(2) By the action of Gn_e, every wall is transformed to a wall between Cq and C_i. 

Proof. (1) We set Xq :— %=. Then for /3 ~ X^H, there is finitely many walls. Since every wall between 

Co and C_i intersects with the line s = Xa, the claim holds. 

(2) Let C be a wall between Cm and Cm-i- Since ^o(C') is a wall between C-m and C_m+i, we may 
assume that to < 0. By Proposition 15.151 we see that 'l'm(C) is a wall between Cm+i and Cm- Therefore 
'$_i o • • • o '^m-i ° "^miC) is a wall between Co and C_i. D 

Remark 5.18. 

.(*_, o...ov,_,o *,,„). |^^_^ 2K 

In Proposition 15.151 we did not specify the correspondence of complexes. Since 4'(sH,tH)i''^) niod 2Z is 
well-defined, the correspondence is determined up to shift [2k] {k E Z). We next fix the ambiguity of this 

shift. Wc note that Oi'^m) = 6l([l] oP^o^x^jJ'), where [1] is the shift functor. Since Zi^,,H,tH){v) G C\M<o, 
we take 4>(sH.tH)i'^) G (~1>1) to consider the moduli space Migf^j-j^Jv) as in Definition 11.11 Then the 
isomorphisms in Proposition 15 . 1 51 arc given by the following proposition. 

E^ fll 

Proposition 5.19. Assume that m < 0. [1] o Dx o ^x^-^x 'induces isomorphisms 

Mp± (u) -^ M^^ {v) 

Proof Since fc^-^aL = 1. we have ^ < ^ < for to < 0. For (.s,t) e Cz™, 0(sff,tff)((E2m)|xx{^}) G 
(-1,0]. Hence (l)isH,tH)ii'E'2m)\xx{x}[^]) = <l^{sH,tH){E) for (s,t) e Cz™ and £: S M(^,H,tH){v)- For £: G 
-^(s_f/,t_f/)(^)j we also have 

j 0(s_H,tH)((E2m)|Xx{x}[l]) > 4'{sH.tH){.E) > (l){sH,tH){i'E2m.)\Xx{x}), («, is OUtsidc of C2„i, 

\0(si/,tH)((E2m)|Xx{x}[2]) > (l>(sH.tH){E) > (t)[sH,tH){{'^2Ta)\Xy.{x}[^), {s,t) is insidc of C2m. 

E"^ [ll E^ fll 

If (s,t) is outside of C2m, then since (j)^^ ^^^{^ x::ix {{^2m)\xx{x})) = 0, we have 4>(^;H^m){^x^xiE)) e 
(0,1). Hence 

'/'(-.i^,*7.)((#^x(^)ni])e(o,i). 
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If (s,i) is inside of C2™, then 0,1^ ^J^(*A%x (-^)) ^ (1,2). Hence 



{sH,tH)y^X^X 



A{^f-^^\E)ni]) e (-1,0). 



Therefore the claim holds. D 

E^ [11 

Remark 5.20. Assume that to > 0. Then [—1] o Vx o ^x^-^x induces isomorphisms 

M^± {v) -> M(^T (v) 

T ^ (c&^^wii^Vhl]- 

Proposition 5.21. W^e set 

Mm ■■= M^+ {v) n Mp- (u) . 

(1) Mm 7^ aJ^rf Af„j is hirationally equivalent to M^+ [v) and M^,- (v). 

(2) We have a sequence of isomorphisms 

^-^ ^-9 ^-1 ^Pn vT/i \I/o 

• • • ^ A/_2 ^ M-1 -^ Mo ^ A/i ^ i\/2 ^ • • • . 
Proof. (1) Since there is no codimension wall between C,„_i and Cm, A/„i ^ 0. Since Mp+ (u) and 
Mi~.-{v) are irreducible, Af™ is birationally equivalent to M^+ (v) and M^~{v). 

(2) By Proposition 15.151 or Proposition l5.19l (and Remark l5.20p . we have isomorphisms 

*™ : A/p+ (v) ^ Mc- (w), 
(5.16) 

*„: A/p-(z;)^ A/p+(w). 

Hence we have an isomorphism 

Thus the claim holds. D 

We note that A/q is an open subset of Af^- (w) = {/^ ® L\Iz ^ Hilb''(X), L e Pic"(X)}. Hence we have 
two semi- homogeneous presentations oi Iz <E) L & Mq: 

(5.17) 0^ Iz®L^ L^Oz ^0 
and 

(5.18) ^ E^i ^ Eo ^ Iz ® L ^ 0. 

Starting from these two semi-homogeneous presentations, we have a sequence of complexes Fm G Mm 
such that F' = Iz ® L and Vl'„i(i^*J = ^,*.+i- Then we have exact triangles 

y.t-1 ^ K ^ Kn-l ^ ^„t 1 [1] 

(5.19) 

such that 

. (W7,Wo+) = (Oz[-l],i), (n,^"i) = {Eo,E^,[l]), 

• for (s,i) £ C,„_i, Vm_i are crj^/zt//) -semi-stable objects with the same phase and define the wall 

t'Tn-lj 

• for (s,i) € Cm, Wm are (T(s//^i//) -semi-stable objects with the same phase and define wall Cm- 

5.4. Fourier-Mukai transforms of the families Fm- We first assume e = q^ ~ Ip^ = —1. In this case, 
the algebraic integers «„,&„ in Definition 15.101 satisfv the following relations: 

62^^^^ Wl^^^^^fe^.^^ (fceZ>o), lim^= lim^^v^. 

a2k-l 02k a2k+l 02fc+l a2k 02/c-l fc-yoo flfc fe^oo 6fc 

Thus ±-\/— are the accumulation points of U,„C„i- 

We regard (a,„ : bm) and (6™ : Hom) as elements of P^(R). Then the inhomogeneous coordinates of these 
points give a sequence 

bt) ip £a^-\ b-2 n. ^a-2 ^-i Q 

5.20 - cx) = — < — ^ = — ^ < ^ < . . . < -4i < . . . < —^ < — L = -1 

oo g o_i a_2 o_2 o-i P 

<^— =0< — = -<-—<•••<%/£<•••< — <-;— = — < — =00, 

Oo ai P 02 a2 Oi g ao 

where we write the inhomogeneous coordinate of (0 : 1) as 00 or —00. 
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For a Fouricr-Mukai transform $^^x' • D(X) -> D(X'), wc write ci(G.r/)/rkGa;/ = {\/^)H. If 
-£p/(7 < A < -q/p, then $x^a-'(-^o*) is not a sheaf for all F'. 



Definition 5.22. Wc set 



/i 



1 

hk 

hk+l 



! b2k-l f.a2k \ u r.^ ^ci-2k-l \ J 



[-^,-^)U[-^,0), 

— [_ b2t ^°2t+l -) I I r fa2fc+l _£a2fc \ 

2*= • ^ a2fc' fc2/,+l '^ ^ a2fc + i' fcafc '' ' 

\la2k_ ^2fc+l \ y r ^a2fc + l &2fc 'I / ni. 1 •= r ^a2fc~l b2fc ') y r ^a2fc ''2fc-l N 

For / = UJsi,ti), we denote /* := lJ,j(s,;,ij]. 

By dElOD, we have decompositions f\R) \ {±Vi] = Ume^^ra = Llmez^m- 

Theorem 5.23. (1) If X G Im {m < 0), then ^x-^X'i-^m) *■' <* stable sheaf up to shift. 

(2) IfXe /,*„ (m < 0), t/ien Vx'-^x^x'iP'n) = ^^l^X'l-P'm'^) «« « ^^a^^e ^^ea/ wp to s/ii/t. 
Proof. (1) For a small number i > 0, (A,i) belongs to the interior of the annulus bounded by C-m-i and 
C-m. By Lemma l4.14l F,* is o-(A_f/.t_f/)-semi-stable. By Proposition l4.23l $x-!x'(^rn) is a stable sheaf, where 
n = 1 for A > — V7 and n = 2 for A < — v«- The proof of (2) is similar. D 

By this theorem, we have semi- homogeneous presentations for a general member of Mh (w), w = ^x^X' (^) ■ 
Remark 5.24. The claim also follows from jTH Lem. 4.4]. 

We next assume that e = q^ — £p^ = 1. Then the algebraic integers «„, bm in Definition 15. 101 satisfv 

< .^ _ VZ < -^^^ - ^/Z 

for m E Z>o- We also have the following sequence of inequalities: 

bo q b^i fo_2 n; ^0-2 ^a_i £p 

-GO = — <-- = < < ••• < -V£ < ••• < ^ < 

flo p fl-l a_2 0-2 

fap _ fe|_ _ -^ -^2 

6i bi q 62 

Definition 5.25. We set 

h ■■= [0,!^)U[!^,c«), /„ := [-c^,-^)Uh^,0), 

Then we have V\M.) \ {±V£} = Umez I^n = Umez I*m- 

Theorem 5.26. For a Fourier-Mukai transform ^x^x'- ^i-^) ^ I^(^')j "^^ write ci{Gx')/ ri^Gx' = 
{X/V^)H. 

(1) If X G I,n {"ni < 0), then ^x^X'i^m) '■^ ^ stable sheaf up to shift. 

(2) IfXe /;„ (m < 0), then Vx' $xlx'(^m) = ^x'^X' ^x(i^™) is a stable sheaf 

The proof is based on the calculation in this subsection and is similar to that of Theorem 15.231 We omit 
the detail. 

6. Examples 

Let X be a principally polarized abelian surface with NS(X) = "LH . We shall study walls for i; = 1 —igx. 
We note that n := -^^-j^ = 1. By using Corollarv l4.6[ it is easy to see that s = is the unique wall for ^ = 1. 
So we assume that £ > 2. We use the notations in section [5l 

(1) Assume that 1 = 2. In this case, S'i_2/{±1} is generated by 

'1 2^ 



b- 


1 


Q 


















■ < 


V£< 




< 


0,2 


< 


ai 


_ 1 
P 


< 


ao 


= 00. 



Hence we have a numerical solution v = 2(1, —H, 1) — (1, —211, 4). We have w_i = (1, —H, 1) and C_i = Wu_i 
is the circle in the (s,i)-plane 

3V o 1 

2) +'^¥- 

For s = —1, we get ci{ve~''^) = H. Thus there is no wall intersecting with s = —1. Then we see that there 
is no wall between C_i and Co : s = (see Figure 1). Hence we get the following result. 

Lemma 6.1. C„ {n e Z) are all the walls for v = 1 — 2gx. 
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Proposition 6.2. Let v be a positive and primitive Mukai vector with {v'^) ~ 4. Then Mh{v) is isomorphic 
to Hilb^(X) X X. 

Proof. There is a Fouricr-Mukai transform ^x%x ■ D(^) -> D(X) such that $f'l^;^((l, 0, -2)) = v. Then 
we have an isomorphism M(^_i^)(l,0, — 2) -^ Mh{v), where (3 — ci(E|{j,}xx)/rkE|{a,}xx and (w^) <C 1. By 
Theorem E31 and Proposition [5T7l M(^_^^)(1,0, -2) = Hilb^(X) x X, which imphcs the claim. D 







s = 


-1 




t 














1/2 






Wu^, y^ 


^ 










Co 






-3/2 






-1/2 




O 





Figure 1. Walls for w = 1 - 2gx- 

(2) Assume that £ = 3. In this case, 6*1.3 /{±1} is generated by 

"2 3^ 



A.:= 



1 2 



Hence we have a numerical solution v = (4, ~QH, 9) — 3(1, —2H, 4). We have u_i = (1, — 2i7, 4) and Wu_i is 
the circle in (s,t)-plane defined by 

We set W-i :— {l,—H,l). Then v = w_i + (0,i7, — 4) and w_2 defines a wall Ww_i while the defining 
equation is 



{s + 2y + t^ 



1. 



Lemma 6.3. Ww_-^ is the unique wall between Co and C_i = Wu_-i (see Figure 2). 

Proof. Since Wu_i passes the point (s,t) = (—2,0), it is sufficient to classify walls for s = —2. Assume that 



we 



2H 



(r, dH, a) defines a wall for s — —2. Since ve'^^ = (1, 2H, 1), we have d = I. We set w' := {v — w) 
and write w'e^^ = {r',H,a'). By the definition of walls, we have {w'^) > 0, {w' ) > and {w,w') > 0. Thus 
ra < 1, r'a' < 1 and l — ra' — r'a > 0. Since r+r' = 1, we may assume that r > and r' < 0. Since a+a' = 1, 
we have < l-ra'-r'a = (2a-l)r+(l-a). Ifa< 0, then (2a-l)r+(l-a) < (2a-l) + (l-a) = a < 0. Hence 
a > 1. Since J'a < 1, we have r = a = 1. Therefore we^^ = (1, H, 1), which implies that w = (1, — iJ, 1). D 

We have uq = (0,0,1), u_i = (l,-2iy,4), it_2 = (4^, -28i7,72) and so on. We define w„ G iJ*(X,Z)aig 
by 

u;„ := {al^,anbnH,b1), (a„,6„) = (1,-1)^3"^ 

Thus w_i = (1, — iJ, 1), w_2 = (9,— 15iJ,5^) and so on. By Proposition 11.81 and Proposition 15.171 we get 
the following. 

Lemma 6.4. Wu„ and Ww„ are all the walls for v. 

Therefore all moduli spaces are isomorphic to Hilb (X) x X. 

Proposition 6.5. Let v be a positive and primitive Mukai vector with {v'^) ~ 6. Then Mh{v) is isomorphic 
to Hilb^(A:) X X. 

Proof There is a Fourier-Mukai transform <^x\x ■ ^i^) ^ D(A:) such that $|^x((l, 0, -3)) = v. Then 
we have an isomorphism A/(^.„)(l, 0, — 3) — s- Mh{v). where [3 ~ ci(E|{j,}xx)/rkE|{2,}xJs: and (w^) <C 1. By 
Theorem!^ and Proposition [5TT71 7\f(^^^)(l, 0, -3) = Hilb^(X) x X, which implies the claim. D 




Figure 2. Walls for v = 1- 3qx- 



(3) Assume that £ = 4. By Corollary I4.6[ all walls in s < intersect with the line s = — \/4 = —2. Assume 
that vi defines a wall for v. Since ve'^^ ~ (1, 2H, 0), uie^^ = (r, H, a). Hence vi = {r, (1 — 2r)H, a — 4 + 4r) 
and V — vi = (1 — r, (2r — l)H, —a — 4r). Replacing vi by u — vi if necessary, we may assume that r > 0. 



We have 2n 



(vf) > 0, ((u - vif) > and {vi,v - vi) > 0. 



Hence n = 1 - 

g— 4+4r+4r 



ra, 4 — 2n > a > — n. 

Then n = 0, 1, 2, 3, which implies that ra = 1,0,— 1,-2. We also have °~|j''J^^y > 2, which implies that 

a(8(2r - 1) + a) > 0. In particular, a 7^ 0. Then ra = 1, 0, -1, -2 and r > implies that r = 1, 2. If r = 1, 
then a{a + 8) > and ra = 1, 0, —1, —2 imply that a = 1. Thus vi — (1, —H, 1). If r = 2, then a = — 1 and 
a{a + 24) > 0, which is impossible. Therefore vi = (1, — iJ, 1). Thus Wvi is the unique wall which is defined 

by 

2 ^'=¥- 



Proposition 6.6. Let v be a positive and primitive Mukai vector with {v'^) 
to Hilb'^(A:) X X or Mh{0,2H,-1). 



Then Mh{v) is isomorphic 



Proof. We first prove that M//(l,0,-4) ^ Mj:/(0, 2F, -1). We note that the Hilbert-Chow morphism of 
Hilb (X) induces a divisorial contraction of Mjy(l,0,— 4). We note that Mh{S,H,—1) has a morphism to 
the Uhlenbeck compactification of the moduli of stable vector bundles, which contracts a P^-bundle over 
Af//(3, iJ, 0). Let P be the Poincare line bundle on X x AT, where we identify Pic°(A) with X. Then 
we have an isomorphism Mh{1,0,-4) = Mnil^H^-S) = A/h(3, il, -1) by sending E to ^^'^^(^(if)) 
[m Prop. 3.5]. Hence M//(1,0, — 4) has another contraction. There is no other contraction by a similar 
argument in [16l Example 7.2]. On the other hand, Mh{0,2H,—1) has a Lagrangian fibration. Therefore 
Mff(l,0,-4)^Mff(0,2i?,-l). 

For s = — 2 and v = (1,0, —4), we have two moduli spaces M(^_2H,tiH){^,0, ^4) and A/(-2_ff.t2-ff)(l' 0, — 4), 
where ii > V2 and ts < V2. For E G M(_2ff,i2H)(l,0, -4), $^'^^(^(2i7)) e 1/^(0, 2i7, -1) and we have 
an isomorphism M(^_2H,t2H){^7 0, —4) = AIh{0, 2iJ, —1). 



By [Ml sect. 7.3], every quadratic form rx^ + 2dxy + 
(1,0, —4), there is an auto-equivalence $ such that ^{v) 
for a suitable (s,t). Therefore the claim holds. 



ay is equivalent to x — 4y . Since (1,0,-4)^ 



(1,0,-4). Then $(Af//(u)) 



AW.tff)(l'0'-4) 

D 



(4) Assume that £ = 5. In this case, S'l.s/lil} is generated by 

Hence we have a numerical solution v = 5(1, — 2iJ, 4) — (4, —lOH, 25). Then we have ii_i 
Wu_i is the circle defined by 

s + - I + t^ = 



(l,-2iJ,4) and 



47 ■ - 42' 

(5) Assume that £ = 6. In this case, 5*1.6 /{±1} is generated by 

A /5 12^ 



2 5 
22 



Hence wc have a numerical solution v ~ (5^, — 60if, 12^)— 6(4, —lOH, 5^). Then we have m_i = (5^, — 10i7, 5^) 
and Wu_i is the circle defined by 

49\^ 2 1 

Remark 6.7. Let X be an arbitrary abelian surface and H an ample divisor on X. Let w be a primitive 
Mukai vector with (w^)/2 = 1. Then we have an isomorphism X x Pic"(X) ^- Mh{v) by sending {x,L) <E 
X X Pic"(X) to T*{Eq)®L, where Eq is an element oi Mh{v) and T^; is the translation by x (Uni Cor. 4.3]). 

7. Appendix 

7.1. The action of Fourier-Mukai transforms on H. Assume that NS(A) = ZH. Then ji + \/^w = 
-j=H with z G H, where z := x + \/— ly with a; G M and y G IR.>o. Thus we have an identification of 
NS(A)r X Amp(A)M with H. We set Z, := Zi^^^^y 
We study the action of $ with 7 e Qi/. We write 

7' + ^ + \/^^ = ^i?, ^' e H. 

Let $^_^j)(^ : D(A) — > D(Ai) be a Fourier-Mukai transform such that E is a coherent sheaf. Then there 
is 

•^^(: %^^ 

such that /i($x^Xi(*2;)) = f \/^ and /x($f ^^^(O^)) = 2.^- ^^ = Mnic^e'^^) and E is unique up to 
the action of A x Pic°(A). Then 



c a 



Definition 7.1. For <&x-s-x ' ^^ ^^^ 



For $ = <I>x^x ' we have 



Hence 



Thus we get 



<^(<I>|^^^J := ± r J)eG/{±l}. 



Tie''' —c^ —H + d?Qx, 



z d , , — z' a A + \/ — It 

-^ + —^ = -A + sf^t, ^ - 



n C\/n \/n n.l-,-, I\^^t^\nnr2 



Cyfn {}? + t'^^ru? 



acz — (1 — ad) az + b 



c{cz + d)y^ ^yn(cz + d) 
Therefore the action of A on H is the natural action of SL(2, R). 



Proposition 7.2. For <J>^^^^ wii/i (p(<i>f^^J = ( ,1 e 



W^e ako /lawe 



-icz + dfZ^^jr_ = Z, H o i^^^xX'- 

cz+d ^ V" 



_ \_H_ aA + 6 _H_ 
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We now extend the action of G to G. We set 

A 
We note that 



with 



We define the action of A on 



I 
-1 

as A(z) 



A(A(A(z))) 



G = G X (A) 

a b\ fl 
c d) [o -1^ 
— z. Then we have 
b 



a 
— c 



-b 
d 



az 



A 



a b 
c d 



-cz + d 

Thus we have an action of G on H. 

Proposition 7.3. We can extend the action of G to the action of G by 

'g-z, 2|n, 



ig,A-)-z:^ 



-g- z, 2 /n, 



where g E G. 



Remark 7.4. In [M], we showed that the cohomological action of Eqg(D(X), D(X)) defines a normal sub- 
group of G which is a conjugate of ro(n) in GL(2,R). More precisely, we set Go := 6'(EqQ(D(X), D(X))). 
Then 

We set (3 + V — la; = wH . Then EqQ(D(X), D(X)) acts on u)-plane as the action of ro(n) on w-plane. 
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